SCHWARZ LEMMA FOR THE TETRABLOCK 



ARMEN EDIGARIAN AND WLODZIMIERZ ZWONEK 

Abstract. We describe all complex geodesies in the tetrablock passing through the origin 
thus obtaining the form of all extremals in the Schwarz Lemma for the tetrablock. Some 
other extremals for the Lempert function and geodesies are also given. The paper may 
be seen as a continuation of the results from [2]. The proofs rely on a necessary form of 
complex geodesies in general domains which is also proven in the paper. 



1. Introduction and main results 

Let us recall two holomorphically invariant families of functions. For a domain DcC™, 
w,z G D define the Lempert function kn as follows 

k D {w, z) := inf{p(Ai, A 2 ) : there is / G G(B, D) such that /(Ai) = w, /(A 2 ) = z] 

and the Caratheodory pseudodistance Cr> 

c D {w,z) := sup{p{F{w),F{z)) : F G 0(D,3)}, 

where 0(D,\, f2 2 ) denotes the set of all holomorphic mappings Q± — > fi 2 and p denotes the 
Poincare distance on the unit disc D. Basic properties and results on both functions as 
well as definitions of taut and hyperconvex domains that we use in our paper one may find 
in [12]. 

It is well-known that cd < kjj on any domain D. 

In 1981 L. Lempert proved the following important result (see [13] . [12] . [8]). 

Theorem 1. Let D be a domain in C n and let {Dj}^ =1 be a sequence of domains exhausting 
D, i.e., Di C D2 C • • • C D and UjL-^Dj = D. Assume that any Dj is biholomorphic to a 

convex domain. Then cd = kp. 

For more then twenty years in was an open question whether any bounded pseudoconvex 
domain D C C n such that Cd = ko can be exhausted by domains biholomorphically 
equivalent to a convex domain. 

In 2001 J. Agler and N.J. Young introduced the symmetrized bidisc G 2 (see [3j), a 
domain which turns up in control engineering and produces problems of a function-theoretic 
character. In particular, the equality cg 2 (0, ■) = fc G2 (0, ■) on G 2 has been shown in [3]. This 
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result was extended later to the identity cq 2 = k<& 2 (see [TJ, [1]). The symmetrized bidisc 
and its higher dimensional analogue, the symmetrized polydisc G n , has been recently 
extensively studied (see e.g. [3], [4], [Tj, [16J, [IT] . [5] and others). It was shown that 
G2 cannot be exhausted by domains biholomorphic to convex ones (see [Tj, [in])- So 
symmetrized bidisc delivers a counterexample to the above problem. 

In two papers [2] and [TS] and in the PhD Thesis [T] the Authors initiated the study of 
another domain which also naturally appears in control engineering and produces problems 
of a function-theoretic character. The tetrablock is a domain in C 3 , denoted by E, which 
is the image of the Cartan domain i?/(2,2) upon the mapping ti(A) := (an, 022, det A), 
A = (ajk)j,k=i,2 G C 2x2 . In the paper [2] several equivalent definitions of the domain E are 
given. Recall one of them 

(1) E = {(z 1 ,z 2 ,z 3 ) G C 3 : \z 1 - z 2 z 3 \ + \z 2 - Ziz 3 \ + \z 3 \ 2 < 1}. 

It is proven in [2] that the equality between the Caratheodory distance and the Lempert 
function of E with fixed at the origin one of the arguments, 

ce(0, ■) = k E {0, ■) 

holds on E, which suggests that the equality between both functions could hold on E x E. 
In our paper we deal with this domain. We find all the solutions of the extremal problem in 
the Schwarz Lemma for the tetrablock (in other words all functions / G 0(3, E) such that 
/(0) = and &e(/(0), /(A)) = p(0, A), A G D). Moreover, we find some other ^-extremals 
and complex geodesies and we make several observations which may lead to the solution 
of the problem whether the Lempert Theorem is valid on E. 

The equality of the Lempert function and the Caratheodory pseudodistance on a given 
domain is closely related to the notion of a complex geodesic. A holomorphic mapping 
/ : D — > D is called a (complex) geodesic if there exists a mapping F : D —>■ D such that 
Fof is an automorphism of© (without loss of generality, one can assume that Fof — id©). 
Note that if / : B — > D is a complex geodesic then cd = k D on /(D) x /(D). 

It is proven in [2] that on the tetrablock complex geodesies passing through the origin 
and another, arbitrary, point of E exist. Moreover, for any z G E a geodesic passing 
through and z is given. In our paper we give a description of all such geodesies. This 
result may be seen as a Schwarz-type Lemma for the tetrablock. 

Theorem 2. Let ip : D — ► D be a holomorphic mapping such that (p(0) = —C, where 
C G [0, 1]. Then for any 001,012 G <9D the mapping 

(2) /(A) = (^1 ^ ,^ 2 A l ,^ 2 Ay(A) J 

is a complex geodesic in E. Moreover, any complex geodesic f : D — > E such that /(0) = 
is (up to a permutation of two first variables) of type ([2]). 

Since the set S := {z G E : 24,22 = z 3 } is the orbit of of the group AutE (see [2] and 
[IB]), the above theorem gives the full description of complex geodesies intersecting S. 
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In the proof of Theorem [2] the main role is played by a result giving a necessary condition 
on complex geodesies in domains with a lot of automorphisms. Similar characterizations 
one can find e.g. in [17], [9], see also [T2] . 

Theorem 3. Let D C C n be a domain and let f : D — > D , F : D — > D be holomorphic 
mappings such that F o f — id®. Suppose that $ : (— r, r) x D ^ D, t > 0, is a C 2 
mapping with 

(1) $ = id, where $ t = $(t, •); 

(2) $ t : D — > D is a holomorphic mapping. 

Then there exists a C G R siic/i t/iat 

^(A) = -^(0)A 2 + iC7A + ^(0) /or any A G B, 

where 

^(A)=E|^(/(A))7i(/(A)) 



i 5 % 



and 7 = (71, . . . , 7„) : D -> C™ a vector field on D generated by a family {*&t~\\t\<r> 
7(2;) = lim 4 _ 



In the paper we also deliver some other /cE-extremals (which, assuming the equality 
fcjE = ce would be complex geodesies) which are essentially different from the ones given 
in Theorem [2] (see Corollary [TUl) ; we make also some observations which may lead to the 
better understanding of the geometry of E. 



2. Circular domains and complex geodesics 
We start this section with the proof of Theorem [31 

Proof. Fix A G B \ {0}. Consider functions a(t) = F($ t (/(A))) and b(t) = F($ t (/(0))). 
Note that o(0) = A, a'(0) = ^(A), 6(0) = and 1/(0) = i/S(0). 

^From the Schwarz-Pick lemma (see e.g. [12]) for any t G (— r, r) we have 



a{t) - b(t) 



1 - b(t)a(t) 



<\X\ 



a(0) - 6(0) 



6(0)a(0) 



Therefore, the function p(t) :- 
p'(0) = 0. We have 



a(t)-b(t) 
l-b(t)a(t) 



attains its maximum at t = and, therefore, 



p'(0) = 2 Re (a'(O)a(O) -a(0)6'(0)(l - |a(0)|) ; 



From this we get Re 



^(A)-y>(o) 

A 



+ 



A-0(O)j = for any A G B\ {0}. Since ip is a holomorphic 
function on B there exists a constant C G R such that ^( A )~^(°) + A^(0) = zC. □ 
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Before we apply Theorem [3] in the proof of Theorem [2] we make some remarks how 
this theorem may be applied in the study of complex geodesies in domains with many 
symmetries. 

The families {$t} we are going to consider are one-parameter groups of transformations 
on circular type domains. Recall that D C C n is (ax, . . . , ot n )- circular if (e iait zi, . . . , e iant z n ) G 
D for any (z\, . . . , z n ) G D and any t G R. Here a±, . . . , a n G R. For any such a domain we 
consider a mapping $:IxD^Il defined as $(£, z) = (e ltai zi, . . . , e* ton z n ). Note that 
in this case j(z) = i(aiZi, . . . , ot n z n ). So, from Theorem [3] we get 

Corollary 4. Let D C C n 6e an (a%, . . . ,a n )-circular domain and let f : B — > D, F : 
D — > D be holomorphic mappings such that F o f = id. T/ien there exist constants C G R, 
a G C s«c/i i/iai 

n 3F 

^a j — {f{X))f,j{\) = a\ 2 + CX + a for any A G D. 

3=1 j 

Now we are giving some examples of applications of our result. Let us start with Rein- 
hardt domains, which are seemingly well understood (see fL9j). Even in this case we get 
new results. 

2.1. Reinhardt domains. Recal that a domain D C C n is called Reinhardt if it is 
(aii, • • • , avj-circular for any oti, . . . , a n G R. 

Corollary 5. Let D C C n be a Reinhardt domain and let f : D — » D ; F : D — > D 
&e holomorphic mappings such that F o f — id©. T/ien /or any j = 1, . . . ,n t/iere exzst 
constants dj G C and Cj G R sfica taat 

— (/(A))/j(A) = a^A 2 + C^A + aj- /or any A G D. 

OZj 

In particular, for any complex geodesic f = (/i, . . . , f n ) :~B^D and for any j — 1, . . . , n 
the following situation holds: fj has at most one zero in D, fj = or §f- (/(•)) = 0. 

Note that the example of the bidisc and geodesies of the form / : D 3 A —>■ (A, 6(A)) G D 2 
with b G 0(B, D), 6(0) = shows that there are geodesies such that fj has (even infinitely) 
many zeros but fj ^0. 

2.2. The symmetrized bidisc. We call a domain 

G 2 = {(A + /i,A/i) : A,// G D} 

the symmetrized bidisc (see [3]). Note that the symmetrized bidisc is (1, 2) -circular. The 
uniqueness result on geodesies and their complete description in G2 are given in [16] and 
[5]. Here, we show how one can use our results to give a simpler proof of the description 
of all geodesies in G 2 passing through the origin. 

Assume that / = (fi, f 2 ) : D ^ G 2 is a complex geodesic such that /(0) = 0. It is 
shown in [3] that there exists an to G <9B such that F o f — id©, where F(zi, z 2 ) = 2 |z^ a ■ 



Note that 



and, therefore, 
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a - = -77, T^-fl and U )h = 7, Th- 

dzi (2 - ujfi) 2 dz 2 2 - ufi 



(2-uM\))'" 2-w/i(A)' 

for some Cel. Since is the identity, we get the equality 2a; f 2 — fi + A(2 — u;/i) 

on D, so the following equality has to be satisfied on D 

fl(\uj 2 -co- CXu 2 ) + A(2 - 6Xu + ACXu) + 4A(2 - C) = 0. 

Consequently, 

-(2 - 6Aa; + 4CAa;) ± 2(Aa; + 1) 
/l(A) " 2co(Xu - 1 - CAc) ' A ^ 

Since /i(0) = we get that /i(A) = Jxn^c\-x ■> and then /2(A) = A ilxw\\-c) ' A G O. Since 
/i(D) C 2D and /2(D) C D applying the Schwarz Lemma we get that |2 — C\ < 1 and 
|1 — C\ < 1; which gives the condition C G [1, 2]. It is simple to see that this condition is 
not only necessary but also sufficient (see e. g. p2] and [5]). 

3. Description of complex geodesics of the tetrablock passing through 

the origin 

Before we present the proof of Theorem [2] let us present some basic properties of the 
tetrablock. The properties that we present below are either obvious or come from [2], [1] 

or p]g. 

It is obvious that the permutation of two first variables, i.e. the mapping o given by the 
formula a(zi, z 2 , z 3 ) = (z 2 , z±, z 3 ), is an automorphism of E. 

For any u G <9E the mapping F u given by the formula F u (z) = (ujzi, z 2 ,uz 3 ), is also an 
automorphism of E. Hence, the tetrablock is (1, 0, 1) and (0, 1, l)-circular. 

Recall that z G E iff < 1 for any 77 G O, where 

22,23) = -. 

7]Z 1 - 1 

It is quite simple to see that there is a continuous function p : E 1— » [0, 00) such that 
logp is plurisubharmonic and p(Xz±, Xz 2l A 2 z 3 ) = |A|p(z) for any z = (zi, z 2 , z 3 ) G E, A G C. 
This shows that E is a hyperconvex domain; in particular, E is a taut domain, too. 

Note also that for any z G E the inequalities \zj\ < 1, j = 1, 2, 3, hold. 

Proof of Theorem^ Assume that if, ip '■ D — > D are holomorphic mappings and that C G 
[0, 1). Then for any uo\ , uo 2 G dV> the mapping 

(3) /(A) = (. 1 ^^,^,(A)i±^), WlW (A)V.(A)) 

satisfies the inclusion /(D) C E. 
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Indeed, we have 
\fi — /2/3I 



<p + C -1 + CTp , 
ip— — — pup 



I/2 — /1/3 



1 + C 
1 + pC 



■0 



1 + C 

P + C 



Mi -H 2 ) + c(i- m 



c 



1 + C 1 + C 



pip 



1-M 



1 + C 



Hence, 



l/i-^/sl + l/s-ZJal + l/sl 2 ^ 



M(i -H 2 ) + ^(i-M 2 H 2 ) , M(i -M 2 ) 



1 + C 



+ 



1 - 
+ 



-C 

p\ 2 \ip\ 2 <l. 



Note that o /(A) = U2ip{X). Hence, if ^ is an automorphism then / is a complex 
geodesic. In particular, the sufficient part of Theorem [2] is proven (the case C = 1 and 
p> = — 1, which formally is not covered by the above reasoning, is simple). 

Take now any geodesic / G C(D, E) such that /(0) = 0. It follows from [2] there is an 
uj G dB) such that $ o p is a rotation, where $ = or $ = ty w o cr. Since a and F w are 
automorphisms of E we easily arrive at the following statement. In order to show that all 
geodesies of E with /(0) = are of the form given in the theorem it is sufficient to show 
that all geodesies / G d?(B, E) with /(0) = such that ^0/ are as in the theorem. 

So, take F — ^y. We are going to find necessary form of all right inverses / : D — > E of 
F (for a while we assume that /(0) may take any value in E). Note that = (f^Efp an d 

Hence, in view of Corollary H] there exist constants a G C and C G K. such that 



ML 

dzz 



(4) 



A(A)/ 2 (A)-/ 3 (A) 
(A(A) - I) 2 



aA 2 + CA + a. 



Since / is the right inverse of F, we have /3(A) — /2(A) 
and (jlj) we get 



A(/i(A) — 1), A G D. From this 




(/ 3 (A) + aA 2 + CA + a)/(aA 2 + (C + 1)A + a) 
(/ 3 (A)(aA 2 + CA + a) + A 2 )/(aA 2 + (C + 1)A + a). 



But /i(0) = / 3 (0) = so a = and, therefore, 



7i(A)= (^(A)+C)/(C+1) 
/ 2 (A)= A(vp(A)C+1)/(C + 1) 
/s(A)= Xp(X), 

where p : D — >• C is a holomorphic mapping. Since fx, f'2, / 3 G 0(D, D) and /(0) = 0, we 
get that G 0(B,3), p(0) = — C. The Schwarz Lemma applied to f 2 and / 3 gives the 
inequalities |C| < 1 and |1 — C| < 1, so C G [0, 1]. Hence, we have finished the proof. □ 

Remark 6. It was shown in [2] that no uniqueness of geodesies (even passing through 0) is 
possible in the case of E. This can also be easily seen from Theorem [21 But we may show 
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also in a different (simple) way. Namely, consider the following embedding 

$ : D 2 3 (A,//) ^ (A, /i, A/i) G E. 

Now the inequalities 

rf D 2((Ai,yUi), (A 2 ,/i 2 )) > d E ((Ai,/ii,Ai/ii),(A 2 ,/i2,A 2 /i2)) > rf D2 ((Ai,/ii), A 2 ,/i 2 )), 

where d = k or c, together with the equality feu 2 = c^a show that 

^e((Ai, /ii, Ai/ii), (A 2 , /i 2 , A 2 /i 2 )) = c E ((Ai, /ii, Ai/ii), (A 2 , /i 2 , A 2 /i 2 )) 

for any (Ai,/xi), (A 2)/ u 2 ) G D 2 . Moreover, any mapping of the form 

DbAh (a(A),6(A),a(A)6(A)) G E, 

where a, 6 G 0(D, D) and at least one of the functions a, b is an automorphism of D, 
is a complex geodesic, which easily delivers non-uniqueness result for geodesies (passing 
through 0) - to make it visible consider the functions D 3 A i— ► (A, b(X), A6(A)) G E, where 
b is an arbitrary function (out of many) from 0(B, D) such that 6(0) = and = j. 
In fact, it is easy to see that all the geodesies passing through two points from the set 
S — {z GE: Z\Z2 = £3} = $(II5 2 ) are of the above form. To see this take two different 
points of the form $(Ai, /ii), $(A 2 , /x 2 ) from E. Without loss of generality assume that 
p(Xi, A 2 ) > p(fjLi, /i 2 ) and the geodesic / is such that /(Ai) = $(Ai, /ii), /(A 2 ) = $(A 2 , /i 2 ). 
Then $ w ° er ° /, /1 G 0(D, D) and both functions map Aj into Xj, j = 1, 2, which in view 
of the Schwarz-Pick Lemma gives that they are both identities, which easily shows the 
desired form of /. 

Remark 7. Note that the boundary of E contains many non-constant holomorphic discs. 
Fix a constant C G [0, 1] and a holomorphic function ip G C?(D, D). Then it follows from 
calculations made in the proof of Theorem [2] that / : D — > <9E, where 

fW = {"1 1 + c ^2 l + c ,^ 2 ^(A)j. 

4. The Lempert function of the tetrablock 

Note that E n ({0} x C 2 ) = {(0, z,w) : \z\ + \w\ < 1}. We may calculate the Lempert 
function for some special points - note that in the proof of the result below we make use 
of /cE-extremals omitting the special set S. 

Proposition 8. For any z,w G D ; such that \z\ + < 1 we have 

(5) ~k E ((0,0,w),(0,z,w)) = -^L- 

v ' 1 — \w\ 

Recall that a mapping / G 0(D,D) such that A;_d(/(Ai), /(A 2 )) = p(Ai,A 2 ) for some 
Ai, A 2 G D is called a k^- extremal for (/(Ai), /(A 2 )). Recall that if D is taut then for any 
w,z G D there is a fc^-extremal for (w,z). It is easy to see that if / G 0(D,D) is such 
that /(D) CC D then / is not a fc^-extremal for any (it?, z) G D x D with w ^ z. 
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To prove Proposition [8] we follow the ideas on transportation of fc-extremals (and complex 
geodesies) that may be found in [15], [19] (and references there). 

First note that for any / £ 0(B, E) with the equality /i(0) = / 3 (0) = the function / 
given by the formula /(A) := (^p-, /2(A)) A £ D (certainly here and later we mean 

fjlp) = /j(0), j = 1, 3), is either from 0(B, dE) or from £>(D, E). Indeed, to see this apply 
the maximum principle for subharmonic functions and the plurisubharmonicity of log p. 

Lemma 9. Let f £ 0(D, E) be a k^-extremal for (/(0), /(cr)), where a £ D \ {0} and 
/(0) = (0,x 2 ,0). T/ien e^/ier /(D) C <9E or f is a k E - extremal for (/(0),/(a)). 

Proof. We already know that /(D) C 9E or /(D) C E. Assume that the second property 
holds. Suppose that / is not a & E -extremal for (/(0), /(cr)). Then there would exist a 
g £ £>(D,E) such that g(D) CC E, g(0) = /(0) and g{a) = f(a). But then g(0) = /(0), 
g(a) = /(cr), where g(X) = (\ gi (\), g 2 (\), \g 3 (\)). But g £ 0(D,E) and g(B) CC E - a 
contradiction with the /cE-extremality of /. □ 

Corollary 10. Assume that p £ 0(D, D) is not an automorphism and let p(0) = —C, 
where C £ (0,1). Let u u u 2 £ <9D. Put /(A) := ( ^ff + c) , uo 2 X 1+ gg A) , uomj 2 p{X)) . Then 
f is a k E - extremal for (/(0), /(cr)), a £ D \ {0}. 

Proof. In view of Lemma [9] it is sufficient to see that /(0) = (<^ij^, 0, —ujiuj 2 C) £ E. But 
in view of the Schwarz-Pick Lemma (it is important here that p is not an automorphism) 

1^(0)1 <i-c\ 

□ 

Remark 11. Note that the /^E-extremals from Corollary [10] omit the set 5*. 
Moreover, substituting p = —C, C £ [0, 1) we get A^-extremals of the form 

(6) /(A) = (0,A(1-C),-l7), A£D 

Proof of Proposition^ The proof follows directly from the fact that /(A) = (0, A(l — 
C), -C), A £ D is a A; E -extremal for (/(0), /(A)). □ 

5. A REMARK ON CARATHEODORY DISTANCE OF THE TETRABLOCK 

Define 

(7) p E (w,z) := sup{p(^H,^H),p(^(crH),^(cr(2;))) : u £ «9D}, w,z £ E. 
It is evident that /;•.. < r . . We prove the following 

Proposition 12. p E ^ c E . 
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Proof. Note that for A G D \ {0}, C G (0, 1) we get 
(8) Pe ((0,0,-l7),(0,A(1-C7),-C7)) = 

sup{p(coC, ujC + A(l - C)),p(uC, l _J^ l _ c) ) --uedB} = 

max{p(0, — J^_-),p(0, - ,^ A| - )} = p(0, |A| 



l + L7-L7|Ar 1 + C — |A| y J " v 'l + L7-L7|Ar 

Consider now the function F(z) := H , Z2 z G E. Note that F G 0(D, E) - to see this 
write z = 7t(A), where A is a symmetric 2x2 matrix of the norm smaller than 1. Then 



F(z) = 0,22/ \/l — af 2 , and now it is sufficient to recall that |o, 2 2 1 2 + | fl i2| 2 < !■ 

Consequently, c E ((0, 0, -C), (0, A(l - C), -C)) > p(0, (Alv/T^C 7 ) but the last number 

1*1 • 
1+C-C|A| • 



is for sufficiently small C G (0, 1) larger than p(0, tt^twt, ) for small A. □ 



Recall that the function p Gn - similar in the construction to p^ was used while studying 
the problem of the Lempert theorem for G„. Recall that the following (in)equalities hold: 
Pg 2 = co 2 = k& 2 (see [7], [1]) and p G „ < c Gn and p G „ ^ c Gn , n > 3 (see [H]). The function 
Pd {D = E or G n ) or its some generalization to more general domains may have some 
connection with the class of magic functions as defined and considered in [6]. 



References 

1. A. A. Abouhajar, Function theory related to H°° control, Ph.D. thesis, Newcastle University, 2007. 

2. A. A. Abouhajar, M. C. White & N. J. Young, A Schwarz lemma for a domain related to mu- synthesis, 
J. Gcom. Anal. 17 (2007), 717-750. 

3. J. Agler & N. J. Young, A Schwarz lemma for the symmetrized bidisc, Bull. London Math. Soc. 33 
(2001), 175-186. 

4. J. Agler & N. J. Young, The hyperbolic geometry of the symmetrized bidisc, J. Geom. Anal. 14 (2004), 
no. 3, 375-403. 

5. J. Agler & N. J. Young, The complex geodesies of the symmetrized bidisc Internat. J. Math. 17 (2006), 
375-391. 

6. J. Agler, N. J. Young, The magic functions and automorphisms of a domain, preprint. 

7. C. Costara, Le probleme de Nevanlinna-Pick spectral, Ph.D. thesis, Universite Laval, 2004. 

8. A. Edigarian, A remark on the Lempert theorem, Univ. Iagel. Acta Math. 32 (1995), 83-88. 

9. A. Edigarian, On extremal mappings in complex ellipsoids, Ann. Polon. Math. 62 (1995), 83-96. 

10. A. Edigarian, A note on Costara's paper, Ann. Polon. Math. 83 (2004), 189-191. 

11. A. Edigarian, W. Zwonek, Geometry of the symmetrized polydisc Arch. Math. (Basel) 84 (2005), no. 
4, 364-374. 

12. M. Jarnicki & P. Pflug, Invariant Distances and Metrics in Complex Analysis, De Gruyter Expositions 
in Mathematics 9, 1993. 

13. L. Lempert, La metrique de Kobayashi et la representation des domaines sur la boule, Bull. Soc. Math. 
France 109 (1981), no. 4, 427-474. 

14. N. Nikolov, P. Pflug, P. J. Thomas, W. Zwonek, Estimates of the Caratheodory metric of the sym- 
metrized polydisc, J. Math. Anal. Appl. 341 (2008), 140-148. 

15. P. Pflug, W. Zwonek, Effective formulas for invariant functions — case of elementary Reinhardt do- 
mains Ann. Polon. Math. 69 (1998), no. 2, 175-196. 



SCHWARZ LEMMA FOR THE TETRABLOCK 



10 



16. P. Pflug & W. Zwonek, Description of all complex geodesies in the symmetrized bidisc, Bull. London 
Math. Soc. 37 (2005), 575-584. 

17. E. Poletsky, The Euler- Lagrange equations for extremal holomorphic mappings of the unit disk, Michi- 
gan Math. J. 30 (1983), 317-333. 

18. N. J. Young, The automorphism group of the tetrablock, preprint. 

19. W. Zwonek, Completeness, Reinhardt domains and the method of complex geodesies in the theory of 
invariant functions, Dissertationes Math. 388 (2000), 103 pp. 

Institute of Mathematics, Jagiellonian University, Reymonta 4, 30-059 Krakow, Poland 
E-mail address: Armen.Edigarian@im.uj.edu.pl 

Institute of Mathematics, Jagiellonian University, Reymonta 4, 30-059 Krakow, Poland 
E-mail address: Wlodzimierz.Zwonek@im.uj.edu.pl 



